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ABSTRACT
We calculate the volumes of the hyperbolic twist knot cone-manifolds using the
Schla¨fli formula. Even though general ideas for calculating the volumes of cone-manifolds
are around, since there is no concrete calculation written, we present here the concrete
calculations. We express the length of the singular locus in terms of the distance between
the two axes fixed by two generators. In this way the calculation becomes easier than
using the singular locus directly. The volumes of the hyperbolic twist knot cone-manifolds
simpler than Stevedore’s knot are known. As an application, we give the volumes of the
cyclic coverings over the hyperbolic twist knots.
Keywords: hyperbolic orbifold, hyperbolic cone-manifold, volume, complex distance,
twist knot, orbifold covering.
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1. Introduction
Thurston [22, Chapter 5] showed that a holonomy representation h∞ of the group of
a hyperbolic knotK in PSL(2,C) can be deformed into a one-parameter family {hα}
of representations to give a corresponding one-parameter family {Cα} of singular
complete hyperbolic manifolds, the hyperbolic cone-manifolds of a knot K. Let m
∗The author is partially supported by Laboratory of Quantum Topology of Chelyabinsk State
University (Russian Federation government grant 14.Z50.31.0020).
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be a meridian of K. Kojima [11] showed further that Cα is totally determined by
the action of hα(m) which is a rotation of angle α around the fixed axis of hα.
A point on K of the cone-manifold Cα is in the core of a neighborhood isometric
to a cylinder made of an angle α wedge by identifying the two boundaries. The α
is called a cone-angle along K. A point off K has a neighborhood isometric to a
neighborhood in H3. We consider the complete hyperbolic structure on the knot
complement as the cone-manifold structure of cone-angle zero.
As we mentioned, if we increase the cone-angle from zero and if we keep the angle
small, we get a one-parameter family of hyperbolic cone-manifolds. Similarly, for a
link K having n components, we can get an n-parameter family of hyperbolic cone-
manifolds of a link K. In particular, for each two-bridge hyperbolic link, there exists
an angle α0 ∈ [ 2pi3 , pi) for each link K such that Cα is hyperbolic for α ∈ (0, α0),
Euclidean for α = α0, and spherical for α ∈ (α0, pi] [18,8,11,19].
Explicit volume formulae for hyperbolic cone-manifolds of knots and links are
known only for a few cases. The volume formulae for hyperbolic cone-manifolds
of the knot 41 [8,11,12,15], the knot 52 [13], the link 5
2
1 [16], the link 6
2
2 [17], and
the link 623 [3] have been calculated. In [9] a method of calculating the volumes of
two-bridge knot cone-manifolds were introduced but without explicit formulae.
The main purpose of the paper is to find explicit and efficient volume formula
for hyperbolic twist knot cone-manifolds. The following theorem gives the formula
for Tm for even integers m. For odd integers m, we can replace Tm by T−m−1
as explained in Section 2. So, the following theorem actually covers all possible
hyperbolic twist knots. But for the volume formula, since the knot T2n has to be
hyperbolic, we exclude the case when n = 0, −1.
Theorem 1.1. Let T2n be a hyperbolic twist knot. Let T2n(α), 0 ≤ α < α0 be
the hyperbolic cone-manifold with underlying space S3 and with singular set T2n of
cone-angle α. Then the volume of T2n(α) is given by the following formula
Vol (T2n(α)) =
∫ pi
α
log
∣∣∣∣A+ iVA− iV
∣∣∣∣ dα,
where for A = cot α2 , V with Im(V ) ≤ 0 is a zero of the complex distance polynomial
P2n = P2n(V,B) which is given recursively by
P2n =
{((
4B4 − 8B2 + 4)V 2 − 4B4 + 8B2 − 2)P2(n−1) − P2(n−2), if n > 1,((
4B4 − 8B2 + 4)V 2 − 4B4 + 8B2 − 2)P2(n+1) − P2(n+2), if n < −1,
with initial conditions
P−2(V,B) =
(
2B2 − 2)V + 2B2 − 1,
P0(V,B) = 1,
P2(V,B) =
(
4B4 − 8B2 + 4)V 2 + (2− 2B2)V − 4B4 + 6B2 − 1,
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where B = cos α2 .
2. Twist knots
s
t
reflection
Fig. 1. A twist knot (left) and its mirror image (right)
Fig. 2. The knot 61
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A knot K is a twist knot if K has a regular two-dimensional projection of the
form in Figure 1. For example, Figure 2 is knot 61. K has 2 right-handed horizontal
crossings and m right-handed vertical crossings. We will denote it by Tm. Note
that Tm and its mirror image have the same fundamental group and hence have
the same fundamental domain up to isometry in H3. It follows that Tm(α) and its
mirror image have the same fundamental set up to isometry in H3 and have the
same volume. So, we will make no distinction between Tm and its mirror image
because we are calculating volumes. Since the mirror image of Tm is equivalent to
T−m−1, when m is odd we will think T−m−1 as Tm. Hence a twist knot can be
represented by T2n for some integer n.
Let us denote by Xm the exterior of Tm in S
3. In [20, Proposition 1], the
fundamental group of two-bridge knots is presented. We will use the fundamental
group of X2n in [10]. In [10], the fundamental group of X2n is calculated with 2
left-handed horizontal crossings as positive crossings instead of two right-handed
horizontal crossings. The following proposition is tailored to our purpose.
Proposition 2.1.
pi1(X2n) =
〈
s, t | swt−1w−1 = 1〉 ,
where w = (ts−1t−1s)n.
We remark here that s of Proposition 2.1 is the meridian which winds around
the bottom arc of the twist knot in Figure 1 and t is the one that does the top arc
as in Figure 1.
3. The complex distance polynomial and A-polynomial
Let R = Hom(pi1(X2n),SL(2,C)). Given a set of generators, s, t, of the fundamental
group for pi1(X2n), we define a set R (pi1(X2n)) ⊂ SL(2,C)2 ⊂ C8 to be the set of
all points (η(s), η(t)), where η is a representaion of pi1(X2n) into SL(2,C). Since
the defining relation of pi1(X2n) gives the defining equation of R (pi1(X2n)) [21],
R (pi1(X2n)) is an affine algebraic set in C8. R (pi1(X2n)) is well-defined up to iso-
morphisms which arise from changing the set of generators. We say elements in R
which differ by conjugations in SL(2,C) are equivalent.
We use two coordinates to give the structure of the affine algebraic set to
R (pi1(X2n)). Equivalently, for some O ∈ SL(2,C), we consider both η and η′ =
O−1ηO:
For the complex distance polynomial, we use for the coordinates
η(s) =
[
(M + 1/M)/2 e
ρ
2 (M − 1/M)/2
e−
ρ
2 (M − 1/M)/2 (M + 1/M)/2
]
,
η(t) =
[
(M + 1/M)/2 e−
ρ
2 (M − 1/M)/2
e
ρ
2 (M − 1/M)/2 (M + 1/M)/2
]
,
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and for the A-polynomial,
η′(s) =
[
M 1
0 M−1
]
, η′(t) =
[
M 0
t M−1
]
.
3.1. The complex distance polynomial
Since we are interested in the excellent component (the geometric component) of
R (pi1(X2n)), in this subsection we set M = e
iα
2 . Given the fundamental group of a
twist knot
pi1(X2n) =
〈
s, t | swt−1w−1 = 1〉 ,
where w = (ts−1t−1s)n, let S = η(s), T = η(t) and W = η(w). Then the trace of S
and the trace of T are both 2 cos α2 . Let ρ be the complex distance between the axes
of S and T in the hyperbolic space H3. See ([5], p. 68) for a formal definition of the
complex distance (width) between oriented lines in H3. The detailed formulae for
calculation of V = cosh(ρ) can be found in the proof of Theorem 4.3.
Lemma 3.1. For c ∈ SL(2,C) which satisfies cS = T−1c and c2 = −I,
SWT−1W−1 = −(SWc)2
Proof.
(SWc)2 = SWcSWc = SWT−1c(TS−1T−1S)nc
= SWT−1(S−1TST−1)nc2 = −SWT−1W−1.
From the structure of the algebraic set of R (pi1(X2n)) with coordinates η(s)
and η(t) we have the defining equation of R (pi1(X2n)). By plugging in e
iα
2 into M
of that equation and changing the variables to B = cos α2 and V = cosh ρ, we have
the following theorem.
Theorem 3.2. For B = cos α2 , V = cosh ρ is a root of the following complex
distance polynomial P2n = P2n(V,B) which is given recursively by
P2n =
{((
4B4 − 8B2 + 4)V 2 − 4B4 + 8B2 − 2)P2(n−1) − P2(n−2) if n > 1((
4B4 − 8B2 + 4)V 2 − 4B4 + 8B2 − 2)P2(n+1) − P2(n+2) if n < −1
with initial conditions
P−2(V,B) =
(
2B2 − 2)V + 2B2 − 1,
P0(V,B) = 1,
P2(V,B) =
(
4B4 − 8B2 + 4)V 2 + (2− 2B2)V − 4B4 + 6B2 − 1.
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Proof. Note that SWT−1W−1 = I, which gives the defining equations of
R (pi1(X2n)), is equivalent to (SWc)
2 = −I in SL(2,C) by Lemma 3.1 and
(SWc)2 = −I in SL(2,C) is equivalent to tr(SWc) = 0.
We may assume
c =
[
0 −1
1 0
]
,
S =
[
cos α2 ie
ρ
2 sin α2
ie−
ρ
2 sin α2 cos
α
2
]
, T =
[
cos α2 ie
− ρ2 sin α2
ie
ρ
2 sin α2 cos
α
2
]
,
and let U = TS−1T−1S.
Then the equation,
tr(SWc) = tr(SUnc) = tr(SUn−1cU−1) = tr(SUn−1c)tr(U−1)− tr(SUn−1cU)
= tr(SUn−1c)tr(U−1)− tr(SUn−2c) = 0 if n > 1
or
tr(SWc) = tr(SUnc) = tr(SUn+1cU) = tr(SUn+1c)tr(U)− tr(SUn+1cU−1)
= tr(SUn+1c)tr(U)− tr(SUn+2c) = 0 if n < −1,
gives the complex distance polynomial, where the third equality comes from the
Cayley-Hamilton theorem. By direct computations, tr(Sc), tr(SUc), and tr(SU−1c)
have 2i sinh ρ2 sin
α
2 as a common factor. Hence, all of tr(SWc)’s have 2i sinh
ρ
2 sin
α
2
as a common factor. Actually, the common factor comes from the reducible rep-
resentations. Just as the A-polynomials, we left the common factor out of our
complex distance polynomials. We divide tr(SWc) by 2i sinh ρ2 sin
α
2 and denote
tr(SWc)/(2i sinh ρ2 sin
α
2 ) by P2n. We used Mathematica for the calculations.
3.2. A-polynomial
Let l = w∗w and l∗ = ww∗, where w∗ is the word obtained by reversing w. Then l
and l∗ are longitudes which are null-homologus in X2n. We use l∗ for this subsection
and use both l and l∗ in Section 4 to keep the original form in [13] and to keep
the familar l∗. One can also deal with Section 4 with only l∗ or l. Define RU to
be a subset of R = Hom (pi1(X2n),SL(2,C)) such that η′(l∗) and η′(s) are upper
triangular. Since every representation can be conjugated into this form, any element
of R is equivalent to an element of RU . By adding the equation stating that the
bottom-left entry of the matrix corresponding to η′(l∗) is zero (the bottom-left entry
of the matrix η′(s) is already zero and the equation that the bottom-left entry of
the matrix corresponding to η′(l∗) is equal to zero is redundant in our setting), we
have defining equations of RU and hence RU is an algebraic subset of R.
Define an eigenvalue map
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ξ ≡ (ξl∗ × ξs) : RU −→ C2
given by taking the top-left entries of η′(l∗), L, and of η′(s), M . The closure of the
image ξ(C) of an algebraic component C of RU is an algebraic subset of C2. If the
closure of the image ξ(C) is a curve, there is a unique defining polynomial of this
curve up to constant multiples. The A-polynomial of the knot T2n is defined by the
product of all defining polynomials of image curves of RU . The A-polynomial of a
knot can be defined up to sign [1].
Practically, if we let r = r(M, t) be the upper right entry of η′(sw)−η′(wt) and
q = q(M, t) be the upper left entry of η′(l∗), then the A-polynomial of the knot T2n
can be obtained by taking the resultant of Mu1r and Mu2(q−L) over t, where the
exponents u1 and u2 are chosen so that M
u1r and Mu2(q−L) become polynomials.
In [10, Theorem 1], Hoste and Shanahan presented the A-polynomial of the
twist knots.
4. Pythagorean theorem
Let Lη = η(l) and L∗η = η(l∗). If we let lt = lt and ls = l∗s, then LT = η(lt) = LηT ,
LS = η(ls) = L∗ηS and we have the following lemma.
Lemma 4.1.
tr(S−1LT ) = tr(S−1T ) if n ≥ 1 and
tr(T−1LS) = tr(S−1T ) if n ≤ −1.
Proof. Since
S−1LT = T−1S−1T (ST−1S−1T )n−1 · (TS−1)(T−1STS−1)n−1T−1ST
=
(
(T−1STS−1)n−1T−1ST
)−1
(TS−1)(T−1STS−1)n−1T−1ST if n ≥ 1
and
T−1LS = S−1T−1S(TS−1T−1S)n−1 · (ST−1)(S−1TST−1)n−1S−1TS
=
(
(S−1TST−1)n−1S−1TS
)−1
(ST−1)(S−1TST−1)n−1S−1TS if n ≤ −1,
we have
tr(S−1LT ) = tr(TS−1) = tr(S−1T ) if n ≥ 1 and
tr(T−1LS) = tr(ST−1) = tr(TS−1) = tr(S−1T ) if n ≤ −1.
Definition 4.2. The complex length of the longitude l or l∗ is the complex number
γα modulo 2piZ satisfying
tr(η(l)) = tr(η(l∗)) = 2 cosh
γα
2
.
Note that lα = |Re(γα)| is the real length of the longitude of the cone-manifold
T2n(α).
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We prepare and prove Theorem 4.3 for T2n(α) with n ≥ 1. For n < −1, the same
Pythagrean theorem is obtained by replacing T and LT with S and LS . We will
use the oriented line matrix corresponding to a given matrix. One can refer to [5,
Section V] for oriented line matrices. Denote by l(N) the line matrix corresponding
to a matrix, N , in SL(2,C). Then l(N) = (N −N−1)/√det(N −N−1).
By sending common fixed points of T and Lη to 0 and ∞, we have
T =
[
e
iα
2 0
0 e−
iα
2
]
, Lη =
[
e
γα
2 0
0 e−
γα
2
]
,
LT = LηT =
[
e
γα+iα
2 0
0 e−
γα+iα
2
]
,
and the following line matrices
l(T ) =
T − T−1
2i sinh iα2
=
1
i(e
iα
2 − e− iα2 )
[
e
iα
2 − e− iα2 0
0 e−
iα
2 − e iα2
]
=
[−i 0
0 i
]
,
l(LT ) =
LT − L−1T
2i sinh γα+iα2
=
1
i(e
γα+iα
2 − e− γα+iα2 )
[
e
γα+iα
2 − e− γα+iα2 0
0 e−
γα+iα
2 − e γα+iα2
]
=
[−i 0
0 i
]
,
which give the orientations of axes of T and LT .
Figure 3 is the fundamental polyhedron for T2(pi). The double branched cover-
ing space of the polyhedron along P3Q0P8 and P0Q1P5 is the lens space L(5, 3).
The fundamental polyhedron for the hyperbolic cone-manifold of T2(α) can be ob-
tained from the fundamental polyhedron for T2(pi) by deforming the cone-angle
continuously. Recall that a Lambert quadrangle is a quadrangle with three right
angles and one acute angle, not necessarily lying on a plane. You can consult [5, p.
83 of Section VI] or [13] for the trigonometry of a Lambert quadrangle or a right
angled hexagon. Let m be the midpoint of P7P8. Then the quadrangle Q0Q1mP8
is a Lambert quadrangle with acute angle ∠Q0Q1m = α/2, which can be consid-
ered as a right angled hexagon which is a generalized right angled triangle. The
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P0P1
P2P3P4P5
P6 P7 P8
P9
Q0
Q1
Fig. 3. Fundamental polyhedron for 41(pi)
six sides are
(
ρ, (pi − α2 )i, ∗1, pi2 i, ∗2, γα4 + iα2
)
. By applying the Law of Cosines
to the hexagon, we get the formula in the following theorem geometrically and
the same argument works for all twist knots. Hence, we call the following theorem
Pythagorean Theorem.
Now, we are ready to prove the following theorem which gives Theorem 4.4.
Recall that γα modulo 2piZ is the complex length of the longitude l or l∗ of T2n(α).
Theorem 4.3. (Pythagorean Theorem) Let T2n(α) be a hyperbolic cone-manifold
and let ρ be the complex distance between the oriented axes S and T . Then we have
i cosh ρ = cot
α
2
tanh(
γα
4
+
iα
2
).
Proof. Suppose n ≥ 1.
cosh ρ = − tr(l(S)l(T ))
2
= − tr(l(S)l(LT ))
2
=
tr((S − S−1)(LT − L−1T ))
8 sinh iα2 sinh
γα+iα
2
=
tr(SLT − S−1LT − SL−1T + (LTS)−1))
8 sinh iα2 sinh
γα+iα
2
=
2(tr(SLT )− tr(S−1LT ))
8 sinh iα2 sinh
γα+iα
2
=
tr(S)tr(LT )− 2tr(S−1LT )
4 sinh iα2 sinh
γα+iα
2
=
tr(S)tr(LT )− 2tr(S−1T )
4 sinh iα2 sinh
γα+iα
2
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where the first equality comes from [5, p. 68], the sixth equality comes from the
Cayley-Hamilton theorem, and the seventh equality comes from Lemma 4.1.
Let ν = α2 , Λ =
γα+iα
2 , and V = cosh ρ. Then tr(S) = 2 cos ν, tr(LT ) = 2 cosh Λ,
and
tr(S−1T ) = tr
((
cos ν −ie ρ2 sin ν
−ie− ρ2 sin ν cos ν
)(
cos ν ie−
ρ
2 sin ν
ie
ρ
2 sin ν cos ν
))
= cos2 ν + eρ sin2 ν + e−ρ sin2 ν + cos2 ν
= 2(cos2 ν + V sin2 ν).
Hence,
V =
4 cos ν cosh Λ− 4(cos2 ν + V sin2 ν)
4i sin ν sinh Λ
which is equivalent to
V sin ν(sin ν + i sinh Λ) = cos ν(cosh Λ− cos ν).
By solving for V , we have
V = cot ν
cosh Λ− cos ν
sin ν + i sinh Λ
= cot ν
cosh Λ− cosh iν
i sinh Λ− i sinh iν
= −i cot ν cosh Λ− cosh iν
sinh Λ− sinh iν
= −i cot ν 2 sinh(
Λ+iν
2 ) sinh(
Λ−iν
2 )
2 cosh(Λ+iν2 ) sinh(
Λ−iν
2 )
= −i cot ν tanh Λ + iν
2
.
By putting back Λ = γα+iα2 =
γα
2 + iν, we have
V = −i cot ν tanh(γα
4
+ iν)
which is equivalent to
i cosh ρ = cot
α
2
tanh(
γα
4
+
iα
2
).
Pythagorean theorem 4.3 gives the following theorem which relates the zeros of
A2n(L,M) and the zeros of P2n(V,B) for M = e
iα
2 , B = cos α2 and A = cot
α
2 .
Theorem 4.4. Let A = cot α2 and M = e
iα
2 . Then the following formulae show
that there is a one to one correspondence between the zeros of A2n(L,M) and the
zeros of P2n(V,B):
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iV = A
LM2 − 1
LM2 + 1
and L = M−2
A+ iV
A− iV .
Proof. With the same notation as in the proof of Theorem 4.3,
iV = i cosh ρ
= cot ν tanh(
γα
4
+ iν)
= cot ν
sinh(γα4 + iν)
cosh(γα4 + iν)
= cot ν
e
γα
4 +iν − e−( γα4 +iν)
e
γα
4 +iν + e−(
γα
4 +iν)
= cot
α
2
e
γα
2 +iα − 1
e
γα
2 +iα + 1
= A
LM2 − 1
LM2 + 1
.
If we solve the above equation,
iV = A
LM2 − 1
LM2 + 1
,
for L, we have
L = M−2
A+ iV
A− iV .
5. Proof of Theorem 1.1
We mention here that the proof can be done without referring to A-polynomial. We
identified L with a root of A2n(M,L) because A-polynomial is rather well-known.
For n ≥ 1 and M = eiα2 (B = cos α2 ), A2n(M,L) and P2n(V,A) have 2n com-
ponent zeros, and for n < −1, −(2n+ 1) component zeros. For each n, there exists
an angle α0 ∈ [ 2pi3 , pi) such that T2n(α) is hyperbolic for α ∈ (0, α0), Euclidean for
α = α0, and spherical for α ∈ (α0, pi] [18,8,11,19]. From the following Equality 5.1,
when |L| = 1, which is equivalent to α = α0, Im(V ) = 0. Hence, when α increases
from 0 to α0, two complex numbers V and V approach to a same real number. In
other words, P2n(V, cos
α0
2 ) has a muliple root and hence A2n(L, e
iα0
2 ) has a mul-
tiple root by Theorem 4.4. Denote by D(T2n(α)) be the greatest common factor of
the discriminant of A2n(L, e
iα
2 ) over L and the discriminant of P2n(V, cos
α
2 ) over
V . Then α0 will be one of the zeros of D(T2n(α)).
From Theorem 4.4, we have following equality,
|L|2 =
∣∣∣∣A+ iVA− iV
∣∣∣∣2 = |A|2 + |V |2 − 2A Im(V )|A|2 + |V |2 + 2A Im(V ) . (5.1)
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For the volume, we can either choose |L| ≥ 1 or |L| ≤ 1. We choose L with
|L| ≥ 1 and hence we have Im(V ) ≤ 0 by Equality 5.1. Using the Schla¨fli formula,
we calculate the volume of η(T2n) = η(T2n(0)) for each component with |L| ≥ 1 and
having one of the zeros α0 of D(T2n(α)) with α0 ∈ [ 2pi3 , pi) on it. The component
which gives the maximal volume is the excellent component [4,6]. On the geometric
component we have the volume of a hyperbolic cone-manifold T2n(α) for 0 ≤ α <
α0:
Vol(T2n(α)) = −
∫ α
α0
lα
2
dα
= −
∫ α
α0
log |L| dα
= −
∫ α
pi
log |L| dα
=
∫ pi
α
log |L| dα
=
∫ pi
α
log
∣∣∣∣A+ iVA− iV
∣∣∣∣ dα,
where the first equality comes from the Schla¨fli formula for cone-manifolds (Theo-
rem 3.20 of [2]), the second equality comes from the fact that lα = |Re(γα)| is the
real length of the longitude of T2n(α), the third equality comes from the fact that
log |L| = 0 for α0 < α ≤ pi by Equality 5.1 since all the characters are real (the
proof of Proposition 6.4 of [19]) for α0 < α ≤ pi, and α0 ∈ [ 2pi3 , pi) is a zero of the
discriminant D(T2n(α)).
We note that the fundamental set of the two-bridge link orbifolds are constructed
in [14]. We also note that the explicit formulae for the Chern-Simons invariant of
the twist knot orbifolds are presented in [7] and the A-polynomials of twist knots
are obtained from the complex distance polynomials in [7].
6. Volumes of the hyperbolic twist knot cone-manifolds and of its
cyclic coverings
Table 1 gives the approximate volume of η(T2n) for each n between −9 and 9 except
the unknot and the torus knot and for each component with Im(V ) ≤ 0 and having
one of the zeros of D(T2n(α)) with α0 ∈ [ 2pi3 , pi) on it. We used Simpson’s rule for
the approximation with 104 intervals from 0 to α0. In that way our approximate
volume on the geometric component is the same as that of SnapPea up to four
decimal points. The geometric volume is written one more time on the rightmost
column.
Table 2 (resp. Table 3) gives the approximate volume of the hyperbolic twist
knot cone-manifold, V
(
T2n(
2pi
k )
)
for n between 1 and 9 (resp. for n between −9
and −2) and for k between 3 and 10, and of its cyclic covering, V (Mk(T2n)). We
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again used Simpson’s rule for the approximation with 104 intervals from 2pik to α0.
We used Mathematica for the calculations.
Table 1: The volume of η(T2n) for each component with Im(V ) ≤ 0 and having one
of the zeros of D(T2n(α)) with α0 ∈ [ 2pi3 , pi) on it. N refers to the number of zeros of
D(T2n(α)) in [
2pi
3 , pi) and Z refers to the zeros of D(T2n(α)) in [
2pi
3 , pi). The volume
of T2n, V (T2n), is written one more time on the rigthtmost column.
2n N Z V (η(T2n)) V (T2n)
2 1 2.0944 2.02988 2.02988
4 1 2.57414 3.16396 3.16396
6 1 2.75069 3.4272 3.4272
8 2 2.84321 3.52619 3.52619
2.3287 3.09308
10 2 2.90026 3.57388 3.57388
2.48721 3.29551
12 3 2.93897 3.60046 3.60046
2.59356 3.40614
2.22905 3.06705
14 3 2.96697 3.61679 3.61679
2.67 3.47332
2.35895 3.22608
16 4 2.98817 3.62753 3.62753
2.72765 3.5172
2.45606 3.3286
2.1754 3.05359
18 4 3.00477 3.63497 3.63497
2.7727 3.54747
2.53152 3.39869
2.28381 3.18371
2n N Z V (η(T2n)) V (T2n)
-2 1 a torus knot
-4 1 2.40717 2.82812 2.82812
-6 1 2.67879 3.33174 3.33174
-8 2 2.80318 3.48666 3.48666
2.21583 2.92126
-10 2 2.87475 3.55382 3.55382
2.41665 3.21098
-12 3 2.9213 3.58891 3.58891
2.54513 3.35826
2.14593 2.95204
-14 3 2.95401 3.60954 3.60954
2.63466 3.44354
2.29908 3.15591
-16 4 2.97825 3.62268 3.62268
2.70071 3.49742
2.41076 3.28251
2.10986 2.96721
-18 4 2.99694 3.63157 3.63157
2.75147 3.53365
2.49601 3.36675
2.2329 3.12459
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